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1 Introduction

1.1 Gaussian smoothing and its first and second differentials
1.1.1 Applications

e Feature extraction

e Region based image matching
e Pattern recognition
e Scale space method

1.1.2 Computational complexity
o M x N : Image size

e 0o : scale of smoothing

e Direct calculation: O(c M N)

— Computational complexity is proportional to o.
o FFT: (# of pixels) O(M N (logy M + logy N))
— Calculation of FFT is complex and slow.

e To reduce it, the sub-sampling technique is used in SIFT.



1.2 Fast calculation of Gaussian smoothing

e By selecting the length of transformation properly, Gaussian function can be ap-
proximated by

e Elboher et al. proposed to use

e Sugimoto et al. examined various types of and recommended using
the sliding DCT-1 for Gauss smoothing.

e Yamashita and Wakahara proposed an object detection method using Gaussian
smoothing by sliding Fourier transform (SFT).
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1.3 Problem

Smoothed data
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1.4 Purposes of this research

e To propose the attenuated SF'T (ASFT) by introducing a decay factor to SF'T
and to apply to Gaussian smoothing.

e 'To propose a criterion of minimum mean square error with the aim of
suppressing discontinuities at edges.

e Show their advantages by experiments.



2 (Gaussian smoothing and its differentials using SFT
2.1 Definitions

e Gaussian function and its differentials ( ):
n] = 7 —n? 1
G n e, (1)
Goln] = (~2ym)Gl] 2)
Gppln] = (4y°n” — 2v)G|n (3)

e x|n|: input signal defined in |0, N]|.
e (Gaussian smoothing and its differentials:

— Z Glklxin — k], (4)
zapln] = Z Gplk]z[n — k], (5)

rapp|n Z Gpp|k]z[n — k. (6)

e Because G[n| decays rapidly for |n| > 30, they are calculated in an interval
|— K, K| for an integer K.



2.2 (Gaussian smoothing and its differentials using SFT
o J=n/K.
e Definition of SF'T"

cln] = > xln — K] cos(fpk),

spln| = Z x[n — k] sin(Bpk).

Note that the bases in this SF'T are not orthogonal.
e Approximations of the Gaussian function and its differentials:

Gn] = Z a, cos(Bpn) ~ Gln,
Gpln] = Z b, sin(Bpn) ~ Gp|n|,

Gppln] = Z d, cos(Bpn) ~ Gppln].

p=0

(10)

(11)



® a, b, and d, can be decided by the minimum mean square error (MMSE):

S |61 - 6ml|
S |Gl - Golnl|
Z éDD[n] — GDD[n]‘Q

e The smoothed signals and its differentials are given by
P

raln] ~ Z apcy|n),

p=0

(12)

(13)

(14)

(15)

(16)

(17)



2.3 SFT using kernel integrals

e Kernel integral:
n

uln] =Y xlkleP*.
k=0
e Recurrence formula:
uln] = uln — 1] + z[n]e’".

c,[n] — isy[n] = e " (uln] — uln — 2K — 1]).

2.4 SFT using IIR filters
e First-order IIR filter:

v[n] = e”Puln — 1] + z[n).

cpln] —isy[n] = (=1)P(vin + K] —v[n — K|+ zjn — K])
e Second-order 1IR filter:
v[n] = 2cos(Bp)vin — 1] — v[n — 2] + z[n] — e"Pxln — 1].

When either of ¢,[n] or s,[n| is necessary, we can calculate only real or imaginary
part.

10



3 Stabilized calculation of (GGaussian smoothing and its
differentials using ASFT

3.1 ASFT
e (> 0) : Decay parameter
[

K
Gln] = > xn — ke cos(Bpk),

k=—K
K
Spln] = ) aln — k] sin(Bpk).
k=—K

e First-order IIR filter for ASFT:

o[n] = e “TPp[n — 1] + x[n).
épln] — isyln] = (—1)Pe " (o[n + K] — e *®Mon — K] + e zln — K])).
e Second-order IIR filter for ASFT:

o[n] = 2™ cos(Bp)v[n — 1] — e **0[n — 2] + z[n] — e T Pyn — 1].
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3.2 (Gaussian smoothing and its differentials using ASFT

e Let we choose « such that ny = % becomes an integer.

(1’2

e Gn] = eBGn — ny

e Decay in Gaussian function is equivalent to pixel shift with a constant factor.
e (Gaussian smoothing and its differentials:
P
a2

rgn] ~e™H Z a,Cplm + no,

TCD [n]
7]

XGDD|N

p=1

P
a2
~e 1Y (d, + atay)é[n + ng) +Z Spln + ng).
p=1

p=0
@2 P
~e ¥ Z Qa,Cyln + ng| — Z 27,5, + o),
p=0
P
i
p=0
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4 Minimum mean square error with suppression of dis-
continuity at edges

e In order to

, We propose simple criteria

MMSE-SDE to calculate coefficients a,, b,, and d,.
e They decrease heights at edge points:

M=M= M

S
|||
=

2

Ctn] — Glnl| 4 |G- K]
Gol) = Goll| +11 |Gol— K]
Gppln] — GDD[TL]‘Q 1 GDD[—K]‘Q
Gl-K)
Sg = (18)

e /1 is decided such that Sq < 1.1.

13



5 Experimental results

e Abbreviations of filters

Abbrevi|  Type Order |Block | SFT/ASET
-ation

Direct FIR 6o + 1

[IR1 [IR 1 X SE'T
[IR1A [IR 1 X ASFT
[IR1B [IR 1 o SET
[IR1BA [IR 1 o ASFET
[IR2 [IR 2 X SET
[IR2A [IR 2 X ASFT
[IR2B [IR 2 o SE'T
[IR2BA [IR 2 o ASFT
KI Kernel Inte. X

KIB Kernel Inte. o

e 'Block™ Not v[n| but v[n + K] — v[n — K] is calculated by an IIR filter.

14



5.1 Comparison of approximation error between SFT and ASFT

RMSE of Gaussian function and its differentials with coefficients by MMSE
(K =256 and ng = 10).

Transform | P | Eq (%) | Eep (%) | Ecpp () Sa
2 1.0 5.1 8.212239.5
3 0.15 0.90 2.77 ) 530.2
SE'T 41 0.038 0.24 0.54| 603.2
51 0.0059 0.043 0.16| 2244
6 0.0015 0.011 0.031| 291.7
2 1.1 5.4 8.5 575.0
3 0.17 1.02 3.10| 272.5
ASFT 41 0.046 0.30 0.63| 256.2
51 0.017 0.037 0.12] 138.5
6| 0.0021 0.016 0.041] 149.2
e Definition of RMSE:
3K , 3K

Bo=| Y |Gl =Gl / > |G,

\ n=—3K n=—3K

e RMSEs of ASFT increase by from 10% to 30% of RMSEs of SFT,
e FE¢ =0.46% by Direct with the interval of 30
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5.2 Error caused by using the single-precision floating-point calcula-
tion

e The standard image 'Barbara’ is converted to an 1D data of length 262144 and we
repeat it four times so that the length of the input data is 1048576.

e x[n]: Directly calculated result of the Gaussian smoothing with enough long in-
terval

e I[n] be approximated result.
e Lrror at n is evaluated by

MaXy<k<n+10000 !@G[k] — 5CGU€]|

10000
10(1)00 T [zalk]|?

(19)

e Results: (next page)

e Summary of results:

— Errors of smoothing by .
— FErrors of smoothing by ASE'T are small and not be accumulated.
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5.3 MSE of Gaussian smoothing and its differentials with coefficients
by MMSE-SDE

RMSE of Gaussian function and its differentials with coefficients by MMSE-SDE (K = 256 and ng = 10)

Transform P EG (%) EGD (%) EGDD (%) SG
2 2.4 5.1 13.310.973
3] 0.31 0.90 5.62 | 1.07
SFT 4 0.087 0.24 1.02| 0.85
5| 0.0119| 0.043 0.32| 0.01
6| 0.0030| 0.011 0.052 | 0.90
2 2.6 5.3 14.0| 0.97
31 0.36 1.01 6.27 | 1.07
ASFT 1] 011 0.29 124 0.84
5| 0.017| 0.057 0.42 | 0.90
6| 0.0044| 0.015 0.076 | 0.89
o L and Eqpp of MMSE-SDE are about comparing to those of MMSE.

e 5S¢ is much decreased by MMSE-SDE.
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5.4 Calculation time

e Image size: 512 x 512 (Barbara).
e Intel Core CPU 15-6400 @3.3 GHz with 8 GB RAM.

Calculation time (P = 3, K = 256, and ny = 3) Calculation time (P = 6, K = 256, and ng = 3)

19

Method | Smoothing | Derivative | Laplacian Method | Smoothing | Derivative | Laplacian
Method (ms) (ms) (ms) Method (ms) (ms) (ms)
Direct 62.5 99.0 98.3 Direct 62.5 99.0 98.3
FFT 306.4 536.1 308.8 FET 306.4 536.1 308.8
IIR1 8.6 14.5 12.4 ITR1 9.8 15.9 15.4
I[IR1A 8.6 14.2 12.6 I[IR1A 10.2 16.8 16.4
I[IR1B 4.1 8.9 9.0 IIR1B 8.9 14.3 13.6
IIR1BA 4.1 7.9 7.7 ITIR1BA 8.7 14.5 13.7
IIR2 8.9 15.5 13.2 ITR2 9.9 17.9 14.7
ITR2A 8.6 16.1 15.2 ITR2A 9.8 22.6 21.9
IIR2B 8.2 11.6 12.1 IIR2B 8.6 15.3 13.0
I[IR2BA 8.6 15.4 14.1 ITIR2BA 8.6 15.3 12.9
KI 10.3 16.6 15.2 KI 13.2 21.0 19.7
KIB 12.6 22.7 18.3 KIB 16.0 28.5 25.4
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e Calculation times by SF'T/ASFT are almost constant against o.
e (Calculation times by direct calculation are proportional to o.
e (Calculation times by FFT are almost constant against o but long.
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6 Conclusion

e We explained the conventional methods of SF'T for calculating Gaussian smoothing
and its differentials, and clarified two problems:

— Accumulation of errors in case of single-precision floating-point calculation
— Discontinuities at edges of SF'T intervals

e We proposed

— Attenuated SF'T (ASF'T) featuring a decay factor

— A new criterion for efficiently reducing discontinuities at the edges of SF'T' inter-
vals.

e Experimental results showed the marked advantages of the proposed methods.

e For future works, it is promising to implement the proposed algorithms on GPU
and apply them to practical tasks of image processing and computer vision.

All source codes including are obtained from
https://github.com/heavenstime/gaussSmooth
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