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Problem formulation

( )O O,x y
( )O O,x y′ ′

2 2

2 2 1x y
a b

+ =



( )E E,x y′ ′

( )O O,x y′ ′



( )O O,x y′ ′

( ) πcosφ, sinφ ,0 φ
2

a b ≤ ≤

[ ]
( ) ( ) ( )2 2

O Oφ 0,π 2

1min φ cosφ sinφ
2

D x a y b
∈

 ′ ′= − + − 



4 3 2
4 3 2 1 0α α α α α 0s s s s+ + + + =

φ,0sin 1ss = ≤ ≤

( )

2
4

3 1 O

2 2 2

2

2 2
2 O O

2

2 2
0 O

α
α α 2

α

α

d
y bd

d a x

a

b y

b y

d b

 = −
 ′= − = −
 ′ ′= − +
 ′=

−

=



The exact algorithm
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• Computationally expensive
• Numeric errors during the 

computation may fail to give the 
desired real root. Can be 
overcome by extra examinations 
at the expense of running speed.



The convergent iterative algorithm
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How to choose the initial solution for 
Newton’s method to guarantee the 
convergence to the expected root?
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• The equation has only one single root on [0,1].
• With s0 = 1 as the initial solution, the Newton’s iteration 

converges to the root, and the order of convergence is 
2.



Experimental results

• 2001×2001 grid points over the square region of                       
[-10,10]×[-10,10]. Parameters of the ellipse is XC = YC = 0, a = 1, b
= 0.5, θ = π/6.

Algorithm ARW01 EA CA
Exe. Time (s) 2.463 12.054 0.967
rSD 0.55 0.41 0.41
rAF 0.45 0 0
dMO 2.2×10-6 0.49 2.2×10-6

• rSD – Proportion of 
being the most 
accurate.

• rAF – Proportion of 
failure.

• dMO – Distance lag to 
the best.



Experimental results

• 100 randomly generated ellipses, each with 100-1000 
randomly generated points.

Algorithm ARW01 EA CA
Exe. Time (s) 0.008 0.258 0.017
rSD 0.47 0.32 0.27
rAF 0.01 0 0
dMO 9.5×10-6 6.3×10-6 6.3×10-6



Conclusions

• ARW01 is shown in the experiments to produce more 
accurate solutions, but the lead is minute.

• ARW01 suffers of divergence.
• The convergence of CA is theoretically proven and 

experimentally verified.
• CA and ARW01 are much faster than EA. Clock errors 

considered, CA should be regarded as the fastest among the 
three algorithms.



Your visit to Hunan University is warmly welcome!
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